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Triangulated graph and hyper-triangulated
graph
a b s t r a c t
In this paper, we study the graph theoretic properties of the zero divisor graph Γ (L) of a
pm-lattice L. We have characterized the diameter and the eccentricity of Γ (L) when L is a
semiprimitive pm-lattice. Further, an algebraic and a topological characterization is given
for the graph Γ (L) to be triangulated or hyper-triangulated.
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1. Introduction
The idea of the zero divisor graph was introduced by Beck in [2] to investigate the interplay between ring theoretic
properties and graph theoretic properties. The concept of the zero divisor graph is well studied in algebraic structures such
as rings, semigroups, semilattices; see [1,3,11]. In [5], Halaš and Jukl (see also [6]) introduced the zero divisor graph of a
poset (qoset). Recently, Joshi [8] introduced the zero divisor graph of a poset with respect to an ideal. More details about
zero divisor graphs of lattices and posets can be found in [9,10].
In this paper, we study the graph theoretic properties of the zero divisor graph Γ (L) of a pm-lattice L. We have
characterized the diameter and the eccentricity of Γ (L) when L is a semiprimitive pm-lattice. Further, an algebraic and
a topological characterization is given for the graph Γ (L) to be triangulated or hyper-triangulated. In fact, we have obtained
the main results of Samei [14] to lattices.
We begin with the necessary definitions.
A non-empty subset I of a lattice L is said to be an ideal, if for a, b ∈ I, a∨ b ∈ I and x ≤ a ∈ I implies that x ∈ I . A proper
ideal I of a lattice L is said to be prime, if a ∧ b ∈ I implies a ∈ I or b ∈ I . We denote the set of all maximal ideals of L by
Max(L) and the set of all prime ideals of L by Spec(L). The set of all minimal prime ideals of L is denoted by Min(L).
For a ∈ L, we write V (a) = {P ∈ Spec(L)|a ∈ P} and D(a) = {P ∈ Spec(L)|a ∉ P} = Spec(L) \ V (a). We set
M(a) = V (a) ∩Max(L), V ′(a) = V (a) ∩Min(L),D′(a) = D(a) ∩Min(L). The sets V (I) = a∈I V (a), where I is an ideal of
L, satisfy the axioms for the closed sets of a topology on Spec(L), called the Zariski topology (see [4]). The operators cl and
int denote the closure and the interior in Spec(L). Given a subset µ of a topological space, the closure of µ is defined as the
intersection of all closed sets containing µ, and the interior of µ is defined as the union of all open sets contained in µ. If L
is a distributive lattice then we consider Max(L) and Min(L) as subspaces of Spec(L).
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A lattice L with 0 is said to be semiprimitive if

Max(L) = {0}. A bounded distributive lattice L is called a pm-lattice if
every prime ideal of L is contained in a unique maximal ideal; see [12].
For undefined concepts in lattices and graphs, see [4,7] respectively.
Lemma 1.1 (Grätzer [4]). Let L be a distributive lattice. Spec(L) forms a topological space with respect to a topology in which
open sets are D(a) for all a ∈ L.
Lemma 1.2. Let L be a distributive lattice. For µ ⊆ Spec(L), the closure of µ is µ = {P ′ ∈ Spec(L)|P∈µ P ⊆ P ′}.
Proof. Let Q ∈ {P ′ ∈ Spec(L)|P∈µ P ⊆ P ′} = A (say) and consider D(x) such that Q ∈ D(x). Clearly, D(x) ∩ µ ≠ φ, i.e.,
Q ∈ µ. Now, suppose A $ µ. Then there exists P2 ∈ µ such thatP∈µ P " P2, i.e., there exists x ∈P∈µ P such that x ∉ P2.
Hence P2 ∈ D(x) such that D(x) ∩ µ = φ, a contradiction to P2 ∈ µ. Hence µ = A = {P ′ ∈ Spec(L)|P∈µ P ⊆ P ′}. 





Proof. Let µ be dense in Spec(L), that is, µ = {P ′ ∈ Spec(L)|P∈µ P ⊆ P ′} = Spec(L). HenceQ∈µ Q ⊆ P∈Spec(L) P . As
µ ⊆ Spec(L),P∈Spec(L) P ⊆Q∈µ Q . HenceQ∈µ Q =P∈Spec(L) P .
Conversely, suppose that µ = {P ′ ∈ Spec(L)|P∈µ P ⊆ P ′} $ Spec(L). Then there exists P1 ∈ Spec(L) such that
P∈µ P ⊈ P1, that is, there exists x ∈






Hence µ is dense in Spec(L). 
Corollary 1.4. For a semiprimitive distributive lattice L,Max(L) is dense in Spec(L).
Proof. Follows from Theorem 1.3 and the fact that every maximal ideal of a distributive lattice is prime. 
Theorem 1.5 (Grätzer [4]). Let L be a distributive lattice. Let I be an ideal and D be a dual ideal of L such that I ∩ D = φ. Then
there exists a prime ideal P of L such that P ⊇ I and P ∩ D = φ.
Corollary 1.6 (Grätzer [4]). Let L be a distributive lattice. Let I be an ideal of L, and a ∉ I . Then there is a prime ideal P such that
P ⊇ I and a ∉ P.
Corollary 1.7 (Grätzer [4]). Let L be a distributive lattice, a, b ∈ L and a ≠ b. Then there is a prime ideal containing exactly one
of a or b.
Corollary 1.8 (Grätzer [4]). Let L be a distributive lattice with 0, then the intersection of all prime ideals of L is {0}.
Lemma 1.9. Let L be a distributive lattice with 0. For a ∈ L, V (ann(a)) = D(a) where ann(a) = {x | x ∧ a = 0}.
Proof. Let P ∈ D(a) = {P ′ ∈ Spec(L)|Q∈D(a) Q ⊆ P ′}. ThereforeQ∈D(a) Q ⊆ P . Now, let x ∈ ann(a). Then a∧ x = 0 ∈ Q
for every Q ∈ D(a). Hence x ∈Q∈D(a) Q ⊆ P . Thus ann(a) ⊆ P , i.e., P ∈ V (ann(a)).
Conversely, assume that P ∈ V (ann(a)). Further, suppose that P ∉ D(a). Then P ∉ D(a). Since P ∉ D(a), we have
Q∈D(a) Q ⊈ P . Hence there exists x ∈

Q∈D(a) Q such that x ∉ P . If a ∧ x ≠ 0 then there is a prime ideal P1 such that
a ∧ x ∉ P1 which further gives x, a ∉ P1, a contradiction, as P1 ⊇ Q∈D(a) Q and x ∈ Q∈D(a) Q . Hence a ∧ x = 0, i.e.,
x ∈ ann(a) ⊆ P , again a contradiction to the fact that x ∉ P . Hence P ∈ D(a). 
2. Properties of the zero divisor graph of L
Joshi [8] introduced the concept of the zero divisor graph of a poset P with 0 with respect to an ideal I of P . We mention
below this definition when I = (0] and when the corresponding poset is the lattice with 0.
Definition 2.1. Let L be a lattice with 0. We associate a graph, called the zero divisor graph of L, denoted by Γ (L) in which
the set of vertices is {(0 ≠)x ∈ L | x ∧ y = 0 for some (0 ≠)y ∈ L} and two distinct vertices x, y are adjacent if and only if
x ∧ y = 0.
We recall the following concepts from graph theory.
Definition 2.2. Let G be a graph. Let x, y be distinct vertices in G. We denote by d(x, y) the length of the shortest path from
x to y, if it exists and put d(x, y) = ∞ if no such path exists. The diameter of G is zero if G is the graph on one vertex and is
diam(G) = sup{d(x, y) | x and y are distinct vertices of G} otherwise. A cycle in a graph G is a path that begins and ends at
the same vertex. The girth of G, written gr(G), is the length of the shortest cycle in G (and gr(G) = ∞ if G has no cycles).
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Lemma 2.3. For a distributive lattice L with 0, a ∈ Γ (L) if and only if D(a) is non-empty and D(a) ≠ Spec(L).
Proof. Let a ∈ Γ (L). Then there is a non-zero element b ∈ L such that a ∧ b = 0. Hence D(a) ∩ D(b) = φ. We show
that D(a) ≠ φ. On the contrary, suppose that D(a) = φ. Then a belongs to each prime ideal of L. By Corollary 1.8, a = 0, a
contradiction to a ∈ Γ (L).
Now, we show that D(a) ≠ Spec(L). Since b ≠ 0, by Corollary 1.7, there exists a prime ideal P such that b ∉ P . Hence
P ∈ D(b). But D(a) ∩ D(b) = φ, therefore P ∉ D(a).
Conversely, suppose thatD(a) is non-empty andD(a) ≠ Spec(L). Therefore there exists a prime ideal P such that P ∉ D(a)
and by Lemma 1.9, P ∉ V (ann(a)), i.e., ann(a) ⊈ P . Thus there exists a non-zero element x such that x ∧ a = 0 and x ∉ P .
Therefore a ∈ Γ (L). 
Lemma 2.4. Let L be a distributive lattice with 0 and let a, b, c ∈ Γ (L) be distinct vertices. Then the following statements are
equivalent.
(1) c is adjacent to both a and b.
(2) D(a) ∩ D(c) = φ and D(b) ∩ D(c) = φ.
(3) D(a) ∪ D(b) ⊆ V (c).
(4) D(a) ∪ D(b) ⊆ V (c).
Proof. (1) ⇒ (2) Suppose c is adjacent to both a and b. Then there cannot be a prime ideal not containing both a and c.
Thus D(a) ∩ D(c) = φ. Similarly, D(b) ∩ D(c) = φ.
(2)⇒ (3) Let P ∈ D(a) ∪ D(b). Without loss of generality, assume that P ∈ D(a). Since D(a) ∩ D(c) = φ, P ∉ D(c), that
is, P ∈ V (c).
(3)⇒ (4) Obvious, as V (c) is a closed set.
(4)⇒ (1) Suppose c is not adjacent to either a or b. Without loss of generality, assume that a∧ c ≠ 0. Then there exists
a prime ideal P such that a ∧ c ∉ P , which yields a, c ∉ P . This implies that P ∈ D(a) ⊆ D(a) ∪ D(b) ⊆ V (c). Therefore
c ∈ P , a contradiction to c ∉ P . 
Lemma 2.5. For a distributive lattice L with 0, d(a, b) = 1 if and only if D(a) ∩ D(b) = φ.
Proof. d(a, b) = 1 if and only if a and b are adjacent to each other. Then the result follows from Lemma 2.4. 
Lemma 2.6. For a distributive lattice L with 0, d(a, b) = 2 if and only if D(a) ∩ D(b) ≠ φ and D(a) ∪ D(b) ≠ Spec(L).
Proof. Let d(a, b) = 2. By Lemma 2.5, it is clear that D(a) ∩ D(b) ≠ φ. Since d(a, b) = 2, there is a non-zero element c in
Γ (L) such that c is adjacent to both a and b. Therefore c ∈ ann(a) ∩ ann(b). Since c ≠ 0, by Corollary 1.7, there exists a
prime ideal P such that c ∉ P . Hence ann(a) ⊈ P and ann(b) ⊈ P . Therefore P ∉ V (ann(a)) and P ∉ V (ann(b)), that is,
P ∉ D(a) ∪ D(b) by Lemma 1.9. Thus, D(a) ∪ D(b) ≠ Spec(L).
Conversely, suppose that D(a)∩D(b) ≠ φ and D(a)∪D(b) ≠ Spec(L). Since D(a)∩D(b) ≠ φ, by Lemma 2.5, d(a, b) ≠ 1.
Since D(a)∪D(b) ≠ Spec(L), there is a prime ideal P such that P ∉ D(a) and P ∉ D(b). By Lemma 1.9, P ∉ V (ann(a)). Hence
there exists c ∈ ann(a) such that c ∉ P . Similarly, there exists d ∈ ann(b) such that d ∉ P . Hence a and c are adjacent to
each other. Also b and d are adjacent to each other. Clearly, c ∧ d ≠ 0, otherwise either c ∈ P or d ∈ P . If c = d then we are
through. If c ≠ d then c ∧ d is adjacent to both a and b. Hence d(a, b) = 2. 
The following result is a consequence of the Theorem 2.4 of Joshi [8].
Theorem 2.7 (Joshi [8]). For a lattice L with 0 , Γ (L) is connected and diam(Γ (L)) ≤ 3.
Lemma 2.8. For a distributive lattice L with 0, d(a, b) = 3 if and only if D(a) ∩ D(b) ≠ φ and D(a) ∪ D(b) = Spec(L).
Proof. Follows from Lemmas 2.5, 2.6 and Theorem 2.7. 
Lemma 2.9. Let L be a distributive semiprimitive lattice and if diam(Γ (L)) = 3 then there exist at least three distinct maximal
ideals in L.
Proof. Let diam(Γ (L)) = 3. Then there exist non-zero elements a, b, x, y ∈ Γ (L) such that a − x − y − b is a path. Hence
a ∧ x = x ∧ y = y ∧ b = 0. Suppose |Max(L)| = 2, that is, Max(L) = {M1,M2}. Since d(a, b) = 3, by Lemma 2.8,
D(a) ∩ D(b) ≠ φ. Hence there exists a prime ideal P ∈ D(a) ∩ D(b). As P ∈ D(a) and by Corollary 1.4, Max(L) is dense in
Spec(L), we have a maximal idealM1 ∈ D(a). Since a∧ x = 0 and L is distributive,M1 is prime which further yields x ∈ M1.
Since L is semiprimitive, x ∉ M2. Also x ∧ y = 0 and M2 is prime, y ∈ M2. Again by semiprimitiveness, y ∉ M1. By similar
arguments, we get b ∈ M1, as y ∧ b = 0. Thus,M1 is a maximal ideal such thatM1 ∈ D(a) \ D(b). Similarly, as P ∈ D(b)we
can show that the maximal idealM2 ∈ D(b) \ D(a). Again P ∈ D(a) ∩ D(b) = D(a ∧ b) and Max(L) is dense in Spec(L), we
have D(a ∧ b) ∩Max(L) ≠ φ. Clearly,Mi ∉ D(a ∧ b) ∩Max(L) for i = 1, 2, a contradiction to D(a ∧ b) ∩Max(L) ≠ φ. Thus
|Max(L)| ≥ 3. 
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Theorem 2.10 (Pawar and Thakare [12]). Let L be a pm-lattice, thenMax(L) is Hausdorff.
Now, in the following result, we characterize the diameter of a zero divisor graph.
Theorem 2.11. Let L be a semiprimitive pm-lattice such that |L| > 4 then diam(Γ (L)) = min{|Max(L)|, 3}.
Proof. First, we prove that |Max(L)| ≥ 3 if and only if diam(Γ (L)) = 3. Suppose that |Max(L)| ≥ 3 and let M1,M2,M3 be
distinct elements in Max(L). By Theorem 2.10, Max(L) is Hausdorff, there are ai ∈ L such thatMi ∈ D(ai) and ai ∧ aj = 0, for
i ≠ j and i, j = 1, 2, 3. This implies that Γ (L) contains cycle of length 3, which yields gr(Γ (L)) = 3. Since, a1 ∉ M1 andM1 is
a maximal ideal, there exists a ∈ M1 such that a∨ a1 = 1. Similarly, for a2 ∉ M2, there is b ∈ M2 such that b∨ a2 = 1. Thus
M1 ∈ V (a) ⊆ D(a1),M2 ∈ V (b) ⊆ D(a2). We claim thatM3 ∈ D(a)∩D(b). If possible, let a ∈ M3. Then a1 ∉ M3. But a3 ∉ M3,
a contradiction to 0 = a1 ∧ a3 ∈ M3. Thus D(a)∩D(b) ≠ φ and D(a)∪D(b) ⊆ D(a)∪D(b). Suppose D(a)∪D(b) $ Spec(L).
Then we have a prime ideal P such that P ∉ D(a) ∪ D(b). Hence P ∈ V (a) ⊆ D(a1) and P ∈ V (b) ⊆ D(a2), a contradiction
to a1 ∧ a2 = 0 ∈ P . Thus, D(a) ∪ D(b) = Spec(L). Therefore D(a) ∪ D(b) = Spec(L). By Lemma 2.8, we have d(a, b) = 3. By
Theorem 2.7, it follows that diam(Γ (L)) = 3.
Conversely, suppose that diam(Γ (L)) = 3. By Lemma 2.9, |Max(L)| > 3. Now, suppose that |Max(L)| = 2. Let
Max(L) = {M1,M2}. SinceMax(L) is Hausdorff, there exist a2 ∉ M1 and a1 ∉ M2 such that a1∧a2 = 0. Clearly, a1 ≠ 0, a2 ≠ 0
and a2 ∈ M2 and a1 ∈ M1. Thus a1, a2 ∈ Γ (L).We now, claim that eitherM1 orM2 contains at least two non-zero elements. If
possible,M1 andM2 contains only one non-zero element then |L| = 4, a contradiction to |L| ≠ 4. Without loss of generality,
assume that there exists non-zero (a1 ≠)b1 ∈ M1. Since L is semiprimitive, a2 ∧ b1 = 0. Thus b1 ∈ Γ (L). Again by
semiprimitiveness of L, b1 ∉ M2 which further gives a1 ∧ b1 ∉ M2 and hence a1 ∧ b1 ≠ 0. Thus a1, b1 ∈ Γ (L) ∩ M1 and
a1 ∧ b1 ≠ 0, hence we have diam(Γ (L)) > 1. By Theorem 2.7, diam(Γ (L)) = 2. 
Remark 2.12. (1) In Theorem 2.11, the conditions ‘‘semiprimitive’’ and ‘‘pm’’ are necessary, as shown by the following
example: Let L = {0, 1, a, b, c} with 0 ≤ x ≤ 1 for all x ∈ L and a ≤ b, a ≤ c and b ∥ c. L is distributive, but
neither a pm-lattice nor a semiprimitive lattice, since the prime ideal (0] is contained in twomaximal ideals (b] and (c].
Though |Max(L)| = 2 but the graph is the empty graph.
(2) If |L| = 4, then the assertion of Theorem 2.11 need not be true. Consider the lattice L = C2 × C2, where C2 is the
two-element chain. Then diam(Γ (L)) = 1. Also, if |L| < 4 then the graph of L is the empty graph.
Lemma 2.13 (Pawar and Thakare [12]). Let L be a distributive lattice with 1. Then Spec(L) is compact.
Theorem 2.14 (Pawar and Thakare [12]). L is a pm-lattice if and only if Spec(L) is a normal space.
Lemma 2.15. Let L be a pm-lattice and let U be an open set in Spec(L). If P ∈ Spec(L) and V (P) ⊆ U, then there exists a ∈ L
such that P ∈ int V (a) ⊆ U.
Proof. Since U be an open set in Spec(L), then U c = Spec(L) \ U = V (J) for some ideal J in L. By Theorem 2.14, Spec(L) is
a normal space. Therefore there are open sets U ′ and U ′′ in Spec(L) such that V (P) ⊆ U ′, V (J) ⊆ U ′′ and U ′ ∩ U ′′ = φ.
Since U ′′ is an open covering of a closed set V (J) of Spec(L) and Spec(L) is compact, V (J) has a finite sub-covering in
U ′′. Therefore, V (J) ⊆ ni=1 D(ai) ⊆ U ′′ for some ai ∈ L where i = 1, 2, . . . , n. Obviously, ni=1 D(ai) = D(I) where
I = (a1] ∨ (a2] ∨ · · · ∨ (an]. Hence V (J) ⊆ ni=1 D(ai) = D(I) ⊆ U ′′. We claim that I ∨ J = L. For otherwise, I ∨ J ( L, by
Corollary 1.6, there exists a prime ideal Q such that I ∨ J ⊆ Q . This gives Q ∈ V (I) and Q ∈ V (J) ⊆ D(I), a contradiction.
Hence I ∨ J = L, that is, a ∨ b = 1, for some a ∈ I and b ∈ J . But we have U ′ ∩ D(a) ⊆ U ′ ∩ U ′′ = φ. Hence
U ′ ⊈ D(a), i.e., U ′ ⊆ int V (a). Clearly, int V (a) ⊆ D(b), since a ∨ b = 1. As b ∈ J,D(b) ⊆ D(J) = U . Hence we have
P ∈ V (P) ⊆ U ′ ⊆ int V (a) ⊆ D(b) ⊆ D(J) = U . 
Definition 2.16. The eccentricity e(a) of a vertex a of a graph G is defined to be e(a) = max{d(a, b) | a ≠ b, b ∈ G}.
Definition 2.17. An element p of a lattice Lwith 0 is said to be an atom if 0 ≺ pwhere a ≺ bmeans there is no c such that
a < c < b.
Theorem 2.18. Let L be a distributive lattice with 0 and a ∈ Γ (L) such that e(a) = 1. Then |Min(L)| = 2.
Proof. (1) Suppose that e(a) = 1. We claim that |(a]| = 2 where (a] denotes the set {a ∧ x | x ∈ L}. If |(a]| > 2, then there
is 0 ≠ b ∈ (a] such that a ≠ b. As a ∈ Γ (L), there exists a non-zero element y ∈ L such that a ∧ y = 0. Hence b ∧ y = 0
and this implies b ∈ Γ (L). Since b ∈ Γ (L), a− y− b and b < a, we have that d(a, b) = 2, a contradiction to e(a) = 1. Thus,
|(a]| = 2. Therefore a is an atom of L.
Since e(a) = 1, (a] is a minimal prime ideal. To see this, let x∧ y ∈ (a]. There are only two possibilities: either x∧ y = 0
or x ∧ y = a.
Case (1): Let x∧y = 0. Suppose that both x, y ∉ (a]. Since x and y are non-zero and x∧y = 0 implies that x, y ∈ Γ (L). As
e(a) = 1 gives a∧ x = 0 = a∧ y, also we have x∧ y = 0 hence by the distributivity of L, x∧ (a∨ y) = 0. Thus a∨ y ∈ Γ (L)
such that d(a, a ∨ y) = 2, a contradiction to e(a) = 1. Hence either x ∈ (a] or y ∈ (a], when x ∧ y = 0.
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Case (2): Let x ∧ y = a. Suppose that x, y ∉ (a]. We observe that, x, y > a. Since a ∈ Γ (L), there exists (0 ≠)b such that
a ∧ b = 0 and hence x ∧ y ∧ b = 0. Now if y ∧ b = 0 then y ∈ Γ (L) and y > a implies that d(a, y) ≠ 1, a contradiction to
e(a) = 1. Also, if y ∧ b ≠ 0 then x ∈ Γ (L) and we have x > a implies that d(a, x) ≠ 1, again a contradiction to e(a) = 1.
Hence either x ∈ (a] or y ∈ (a].
Thus, (a] is a prime ideal. As a ∈ Γ (L) and |(a]| = 2 gives (a] is a minimal prime ideal of L.
Since a is an atom of L, [a) is a maximal dual ideal of L. By the distributivity of L, [a) is a prime dual ideal. It is easy to
prove that L \ [a) is a minimal prime ideal of L.
Now, we claim that (a] and L \ [a) are the only distinct minimal prime ideals of L. For if P ∈ Min(L) be a minimal prime
ideal different from two minimal prime ideals, (a] and L \ [a), then a ∉ P and there is some b ∈ L \ [a) such that b ∉ P . It is
clear that a ≰ b and as a is an atom, we have a ∧ b = 0, a contradiction to the fact that a, b ∉ P . 
Remark 2.19. The converse of Theorem 2.18 need not be true. Consider the ideal lattice of Z12, i.e., Id(Z12). Then (3] and (4]
are the only two minimal prime ideals in the lattice of Z12 and |(6]| = 2 but e((6]) ≠ 1 in its zero divisor graph.
Theorem 2.20. Let L be a semiprimitive pm-lattice and a ∈ Γ (L) such that e(a) ≠ 1. Then e(a) = 2 if and only if |D(a)| = 1.
Proof. Let e(a) = 2. On the contrary, suppose that |D(a)| > 1. Clearly, D(a) ≠ φ. Therefore, there exists a prime ideal P
belonging D(a), i.e., a ∉ P and hence a ∉R∈Spec(L) R. By Corollary 1.4, there is a maximal ideal, sayM , in D(a).
Now, we claim that D(a) contains at least two distinct maximal ideals. For this, suppose thatM is the only maximal ideal
in D(a). Since |D(a)| > 1 andM ∈ D(a) ⊆ D(a), there is a prime ideal (M ≠)Q ∈ D(a). Therefore, there exists x ∈ M such
that x ∉ Q . Hence a ∧ x ∈ M . Since Q ∈ D(a) and x ∉ Q ,D(a) ∩ D(x) ≠ φ. By Lemma 2.5, a ∧ x ≠ 0. Also, L contains
at least two distinct maximal ideals. For otherwise it contains only one maximal ideal, say M . Then by semiprimitiveness
of L,M = {0}. Then Γ (L) is the empty graph, as M = (0] is prime. Since M is the only maximal ideal in D(a), a ∈ M ′, for
all maximal ideals M ′(≠M) in L. Hence a ∧ x ∈ M ′, for all (M ≠)M ′ ∈ Max(L). Therefore, a ∧ x ∈ Max(L) = {0}, a
contradiction. Hence D(a) contains at least two distinct maximal ideals.
Without loss of generality, considerM andM ′ as the twomaximal ideals inD(a). Now, let b ∈ M ′\M then by primeness of
M,M ∈ D(a∧b). Since a ∈ Γ (L) and a∧b ≠ 0 (a∧b ∉ M), a∧b ∈ Γ (L). Further,M ∈ Spec(L) and {M} = V (M) ⊆ D(a∧b).
By Lemma 2.15, there exists c ∈ L such that M ∈ int V (c) ⊆ D(a ∧ b). Hence M ∈ D(a ∧ b) ⊆ D(a). On the other hand,
M ′ ∉ D(a ∧ b) and int V (c) ⊆ D(a ∧ b), hence M ′ ∉ int V (c). Therefore M ′ ∈ D(c). This together with M ′ ∈ D(a) gives
D(a) ∩ D(c) ≠ φ.
If D(a) ∪ D(c) $ Spec(L) then there exists P ′ ∈ Spec(L) such that P ′ ∉ D(a) and P ′ ∉ D(c). Since int V (c) ⊆ D(a ∧ b) ⊆
D(a), P ′ ∉ int V (c) = Spec(L) \ D(c). Hence P ′ ∈ D(c), a contradiction. Therefore D(a) ∪ D(c) = Spec(L). By Lemma 2.8,
d(a, c) = 3, a contradiction to e(a) = 2. Thus, |D(a)| = 1.
Conversely, assume that |D(a)| = 1. Then there is a P ∈ Spec(L) such that D(a) = {P}. Since D(a) ⊆ D(a) = {P},
either D(a) = φ or D(a) = {P}. If D(a) = φ then a ∈ Q∈Spec(L) Q . By Corollary 1.8, a = 0, a contradiction to a ∈ Γ (L).
Hence D(a) = {P}. Since L is semiprimitive, by Corollary 1.4, Max(L) is dense in Spec(L) and P is a maximal ideal in L. Thus
D(a) = D(a) = {P} is a clopen set of Spec(L).
Consider an arbitrary element b ∈ Γ (L). We claim that d(a, b) ≤ 2. On the contrary, suppose that d(a, b) = 3. By
Lemma 2.8, we have D(a) ∪ D(b) = D(a) ∪ D(b) = Spec(L). This implies that D(b) = V (a). Therefore D(a) ∩ D(b) = φ, i.e.,
d(a, b) = 1, a contradiction to e(a) ≠ 1. Thus e(a) = 2. 
Theorem 2.21. Let L be a semiprimitive pm-lattice and a ∈ Γ (L) such that e(a) ≠ 1. Then e(a) = 3 if and only if |D(a)| > 1.
Proof. Let e(a) = 3. Since a ∈ Γ (L), then D(a) ≠ φ. Therefore |D(a)| > 1. As e(a) = 2 if and only if |D(a)| = 1 and hence
e(a) = 3 gives |D(a)| > 1.
From the proof of Theorem 2.20, it is clear that if |D(a)| > 1 then there exists c ∈ Γ (L) such that d(a, c) = 3. Therefore
by Theorem 2.7, we have e(a) = 3. 
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3. Cycles in the zero divisor graph of L
Definition 3.1. A graph G is called triangulated (hyper-triangulated) if each vertex (edge) of G is a vertex(edge) of a triangle.
Definition 3.2. Let L be a lattice. A point P of Spec(L) is said to be quasi-isolated point, if P is a minimal prime ideal and P is
not contained in the union of all minimal prime ideals of L different from P .
Pawar and Thakare [13] proved the following result for 0-distributivemeet semilattices, and hence it true for distributive
lattices with 0.
Lemma 3.3. Let L be a distributive lattice with 0 and P be a prime ideal of L. P is a minimal prime ideal if and only if exactly one
of the (x] or ann(x) is a subset of P.
Lemma 3.4. Let L be a distributive lattice with 0 and let a ∈ L then V ′(a) = D′(ann(a)).
Proof. Let P ∈ D′(ann(a)) = D(ann(a)) ∩ Min(L). Then P is a minimal prime ideal of L such that ann(a) ⊈ P . Hence
there exists x ∈ ann(a) such that x ∉ P . Since P is minimal prime, by Lemma 3.3, a ∈ P and hence P ∈ V ′(a). Thus,
D′(ann(a)) ⊆ V ′(a). Now, consider P ∈ V ′(a) = V (a) ∩Min(L). Hence a ∈ P . Again by Lemma 3.3, ann(a) ⊈ P . Therefore,
P ∈ D′(ann(a)). Thus, V ′(a) = D′(ann(a)). 
Remark 3.5. If P is a quasi-isolated point in Spec(L) then there exists a ∈ L such that {P} = V ′(a). For, let P be a quasi-
isolated point. Then P is a minimal prime ideal of L such that P ⊈P≠Q∈Min(L) Q . Then there exists a non-zero element a ∈ P
such that a ∉ Q for anyminimal prime idealQ except P . Thus V ′(a) = {P}. Further, by Lemma 3.4, V ′(a) = D′(ann(a)) = {P}
for a non-zero element a.
Now, we characterize the triangulated and the hyper-triangulated zero divisor graphs.
Theorem 3.6. For a distributive lattice L with 0, Γ (L) is a triangulated graph if and only if Spec(L) has no quasi-isolated points.
Proof. Let Γ (L) be a triangulated graph and suppose that Spec(L) has a quasi-isolated point, say P . By Remark 3.5, there
exists a non-zero element a ∈ L such that {P} = V ′(a) = D′(ann(a)). Clearly, ann(a) ≠ (0] and therefore a ∈ Γ (L). As
Γ (L) is a triangulated graph, there exist b, c ∈ Γ (L) such that a ∧ b = b ∧ c = c ∧ a = 0. Since a ∧ b = 0, we have
D′(a) ⊆ V ′(b). Further, c ≠ 0, by Corollary 1.7, there is a prime ideal Q such that c ∉ Q and hence D′(c) ≠ φ. Also, we have
D′(c) ⊆ V ′(a) ∩ V ′(b). Since (φ ≠)D′(c) ⊆ V ′(a) ∩ V ′(b), V ′(a) ∩ V ′(b) ≠ φ. As V ′(a) = {P}, V ′(a) ∩ V ′(b) = {P}. Since
D′(a) ⊆ V ′(b) and {P} = V ′(a) ⊆ V ′(b), we have Min(L) = D′(a) ∪ V ′(a) ⊆ V ′(b). Thus V ′(b) = Min(L). By Corollary 1.8,
b = 0, a contradiction. Thus Spec(L) has no quasi-isolated points.
Conversely, suppose Spec(L) has no quasi-isolated points. Let a ∈ Γ (L). Then V ′(a) ≠ φ. For if, suppose V ′(a) = φ. Then
as a is in Γ (L), there exists a non-zero element b such that a ∧ b = 0. Since a ∉ Qi, for all i and Qi’s are minimal primes,
we have b ∈ Qi, for all i. But then by Corollary 1.8, b = 0, a contradiction. Hence φ ≠ V ′(a) ⊆ Min(L). Also, V ′(a) ≠ {P},
otherwise P becomes a quasi-isolated point in Spec(L). Hence by Lemma 3.4, V ′(a) = D′(ann(a)) contains at least two
minimal prime ideals, say P and P ′. Hence ann(a) ⊈ P, P ′. Since ann(a) ⊈ P ′, there exists x ∈ ann(a) such that x ∉ P ′ and
P ⊈ P ′, there exists y ∈ P such that y ∉ P ′. Hence c = x∧y ∈ ann(a)∩P \P ′. Thus, P ∈ V ′(c) = D′(ann(c)), i.e., ann(c) ⊈ P .
This implies ann(a) ∪ ann(c) ⊈ P .
Now, we prove that D(a) ∪ D(c) ⊆ V (d), for some d ∈ Γ (L). Let Q ∈ D(a) ∪ D(c). Then Q ∈ D(a) or Q ∈ D(c). By
Lemma 1.9, Q ∈ V (ann(a)) or Q ∈ V (ann(c)). Without loss of generality, assume that, Q ∈ V (ann(a)), i.e., ann(a) ⊆ Q . If
{0, c} = ann(a) then ann(a) ⊆ P , a contradiction. Hence there is d ∈ ann(a) such that d ∉ {0, c}. Since d ∈ ann(a) ⊆ Q ,
implies that Q ∈ V (d) and hence D(a) ∪ D(c) ⊆ V (d). By Lemma 2.4, d is adjacent to both a and c. As c ∈ ann(a)we have a
and c are adjacent. Thus, a is vertex of a triangle with other vertices as c and d. Hence Γ (L) is triangulated. 
Theorem 3.7. For a distributive lattice L with 0, Γ (L) is a hyper-triangulated graph if and only if Spec(L) is a connected space
and for any a, b ∈ Γ (L); a ∧ b = 0 and D(a) ∪ D(b) ≠ Spec(L) imply that D(a) ∪ D(b) ≠ Spec(L).
Proof. Suppose Γ (L) is a hyper-triangulated graph. Suppose that Spec(L) is not connected. Then, there exist open sets
D(a)(≠φ) and D(b)(≠φ), for a, b ∈ L such that Spec(L) = D(a) ∪ D(b) and D(a) ∩ D(b) = φ = D(a) ∩ D(b). Therefore
every prime ideal P belongs to either D(a) or D(b) but not in both. As D(a),D(b) are non-empty subsets of Spec(L) and
D(a) ∩ D(b) = φ, by Lemma 2.5, a, b are adjacent to each other in Γ (L). Clearly, D(a) ∪ D(b) = Spec(L). By Corollary 1.8,
it is easy to see that Spec(L) ≠ V (c), for any non-zero element c ∈ L. Hence there does not exist any non-zero element
c ∈ L such that D(a) ∪ D(b) ⊈ V (c). Therefore by Lemma 2.4, there does not exist any non-zero element c ∈ L such that c
is adjacent to both a and b, a contradiction to Γ (L) is hyper-triangulated graph. Hence Spec(L) is a connected space.
Now, let a, b ∈ Γ (L); a∧ b = 0 and D(a)∪D(b) ≠ Spec(L). Since Γ (L) is hyper-triangulated, there exists (0 ≠)c ∈ Γ (L)
such that c is adjacent to both a and b. By Lemma 2.4, D(a) ∪ D(b) ⊆ V (c). This implies that D(a) ∪ D(b) ≠ Spec(L).
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Conversely, let a − b be any edge in Γ (L). By Lemma 2.5, D(a) ∩ D(b) = φ. Then D(a) ∩ D(b) = φ = D(a) ∩ D(b).
If Spec(L) = D(a) ∪ D(b) then D(a) and D(b) forms a separation of Spec(L), a contradiction to the connectedness of
Spec(L). Hence Spec(L) ≠ D(a) ∪ D(b). Therefore, by assumption Spec(L) ≠ D(a) ∪ D(b). Thus, there exists a prime ideal
P ∉ D(a) ∪ D(b) and by Lemma 1.9, P ∉ V (ann(a)), P ∉ V (ann(b)). So there exist x ∈ ann(a) and y ∈ ann(b) such that
x, y ∉ P . Since x, y ∉ P , we have x∧ y ∉ P . This implies that (0 ≠)x∧ y ∈ Γ (L) and x∧ y is adjacent to both a and b. Hence
Γ (L) is hyper-triangulated. 
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